Abstract. We prove that every globally F -regular variety is log Fano. In other words, if a prime characteristic variety X is globally F -regular, then it admits an effective Qdivisor ∆ such that −K X − ∆ is ample and (X, ∆) has controlled (Kawamata log terminal, in fact globally F -regular) singularities. A weak form of this result can be viewed as a prime characteristic analog of de Fernex and Hacon's new point of view on Kawamata log terminal singularities in the non-Q-Gorenstein case. We also prove a converse statement in characteristic zero: every log Fano variety has globally F -regular type. Our techniques apply also to F -split varieties, which we show to satisfy a "log Calabi-Yau" condition. We also prove a Kawamata-Viehweg vanishing theorem for globally F -regular pairs.
Introduction
Globally F -regular varieties are a special type of Frobenius split variety that have particularly nice properties. Many well-known Frobenius split varieties are in fact globally F -regular, including toric varieties [Smi00] and Schubert varieties [LRPT06] . Globally Fregular varieties are locally F -regular, which implies that they are Cohen-Macaulay and have pseudo-rational singularities (see [Smi00] and [Smi97a] ). On the other hand, demanding Fregularity globally on a projective variety imposes strong positivity properties, and implies Kodaira-type vanishing results.
Globally F -regular varieties were first introduced in [Smi00] , where it was observed that Fano varieties in characteristic zero reduce to globally F -regular varieties in characteristic p 0. Our purpose in this paper is to consider the extent to which globally F -regular varieties are essentially equivalent to Fano varieties. Our main prime characteristic result is the following precise way in which globally F -regular varieties are "positive:" Theorem 1.1 (Corollary of Theorem 4.3) Let X be a globally F -regular variety of prime characteristic. Then there exists an effective Q-divisor ∆ such that (X, ∆) is log Fano. Explicitly, this means that
(ii) (X, ∆) has Kawamata log terminal singularities.
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Although they are usually considered only in characteristic zero, Kawamata log terminal singularities are defined in all characteristics; see Remark 4.2.
One immediate consequence (already known to experts) of Theorem 1.1 is that if a smooth projective variety is globally F -regular, then its anticanonical divisor is big. However, this theorem should be viewed as a much stronger positivity statement about −K X . Indeed, bigness of a divisor means that its numerical class can be decomposed as an ample class plus an effective class, but in general, one can not expect to find such a decomposition where the effective class is represented by some effective divisor with controlled singularities. Thus, the assertion that −K X − ∆ is ample with (X, ∆) having "nice" singularities guarantees that the big divisor −K X is not too far from being ample.
To prove Theorem 1.1, we develop a theory of global F -regularity for pairs (X, ∆), generalizing the "absolute" theory of global F -regularity introduced in [Smi00] . The theory of globally F -regular pairs simultaneously generalizes and unifies several points of view, so we expect it will be of interest in its own right; see Remark 3.2. In fact, Theorem 1.1 is a corollary of a much stronger result, Theorem 4.3, which states that if X is globally F -regular, then there exists ∆ such that the pair (X, ∆) is globally F -regular with K X + ∆ anti-ample. In particular, the pair is locally F -regular 1 with K X + ∆ Q-Cartier and therefore the pair is Kawamata log terminal by [HW02] .
The converse of Theorem 1.1 is false. However, the failure is due to oddities in small characteristic, and the converse does hold for "large p." In Section 5, we prove the following: Theorem 1.2 (Corollary of Theorem 5.1) Every log Fano projective variety of characteristic zero has globally F -regular type. Theorem 1.2 is proved by reducing to a corresponding statement about an affine cone over the projective variety. Indeed, a projective variety is log Fano if and only if the affine cone over it (for some appropriately chosen embedding in projective space) has Kawamata log terminal singularities; See Proposition 5.4. Because a corresponding statement for globally F -regular singularities also holds (see Proposition 5.3), the proof of Theorem 1.2 reduces to a local study of the singularities at the "vertex of the cone."
A weak form of Theorem 4.3 can be viewed as a prime characteristic analog of de Fernex and Hacon's new idea for defining Kawamata log terminal singularities for non-QGorenstein varieties. According to the dictionary between the singularities in the minimal model program and F -singularities, Kawamata log terminal singularities correspond to locally F -regular singularities. Because F -regular pairs do not require the restriction that K X + ∆ is Q-Cartier, it is natural to think of F -regular singularities as a prime characteristic analog of Kawamata log terminal singularities without this Q-Cartier assumption. On the other hand, de Fernex and Hacon define a (non-Q-Gorenstein) variety X to be Kawamata log terminal if there exists a Q-divisor ∆ such that K X + ∆ is Q-Cartier and (X, ∆) is Kawamata log terminal in the usual sense; see [DH09, Proposition 7 .2]. The following local version of Theorem 4.3 suggests that these two approaches may be equivalent.
Corollary 6.9. Let X be a normal affine F -finite scheme of prime characteristic p. If X is F -regular, then there exists an effective Q-divisor ∆ such that the pair (X, ∆) is F -regular and K X + ∆ is Q-Cartier with index not divisible by p.
Just as log canonical singularities can be viewed as a limit of Kawamata log terminal singularities, we introduce global sharp F -splitting, which can be viewed as a limiting version of global F -regularity (in certain restrictive sense). This notion is a global analog of the first author's local notion of sharp F -purity [Sch08b] , and can be thought as a generalization of Frobenius splitting to the context of pairs. Theorem 1.1 (as well as many other results in this paper) has an analog for global sharp F -splitting: Theorem 4.3 states that if X is Frobenius split, then there exists ∆ such that (X, ∆) is log Calabi-Yau-that is, K X + ∆ is Q-trivial and (X, ∆) is log canonical. We also expect a converse to hold which would assert that a projective log Calabi-Yau variety (of characteristic zero) has F -split type; however, this statement remains conjectural and is probably quite difficult to prove; see Remark 5.2.
In Section 6, we explore some of the very strong properties of globally F -regular varieties. For example, in Theorem 6.8, we prove a version of Kawamata-Viehweg vanishing for globally F -regular pairs, generalizing the Kodaira-type vanishing theorems from [Smi00] . We also observe that many images of global F -regular varieties are globally F -regular; see Proposition 6.3.
Many questions about globally F -regular varieties and related issues remain open. We conclude the paper with some of these in Section 7.
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Preliminaries
All rings in this paper will be assumed to be commutative with unity, and noetherian. All schemes will be assumed to be noetherian and separated. Furthermore, except in Section 5 and unless otherwise specified elsewhere, all rings and schemes will be of positive characteristic p.
2.1. Frobenius. The Frobenius map X F → X will play a major role in our discussion. The Frobenius map is a morphism of schemes defined as the identity map on the underlying topological space of X, but the corresponding map of structures sheaves O X → F * O X sends sections to their p-th powers. For any natural number e, the notation F e denotes the e-th iterate of the Frobenius map; in particular, O X → F e * O X sends sections to their p e -th powers. Fix a normal irreducible scheme X, with function field K. A prime divisor of X is a reduced irreducible subscheme of codimension one. A Weil divisor (or simply a "divisor ") is an element of the free abelian group Div(X) generated by the prime divisors on X. A Q-Divisor is an element of Div(X) ⊗ Z Q.
A Q-divisor is called Q-Cartier if there exists an integer m > 0 such that mD is a Cartier (or locally principle) divisor. A (Q-)divisor D is effective if all of its coefficients are nonnegative. We say that
if there exists an m > 0 such that mD is an ample (respectively big) Cartier divisor.
Associated to any divisor D on X there is a coherent subsheaf O X (D) of K, the constant sheaf of rational functions on X. Explicitly, for an open set U ⊂ X, we have
Here, recall that div U f is the formal sum over all prime divisors D i on U , where the coefficient of D i is the order of vanishing of f along D i (that is, the order of f in the discrete valuation ring O X,D i ). A simple but important observation we will use repeatedly is that whenever
Proposition 2.3. For a normal irreducible scheme X, the association 2.3. Reflexive sheaves. A coherent sheaf M on X is said to be reflexive if the natural map M → M ∨∨ to its double dual (with respect to H om O X ( , O X )) is an isomorphism. The sheaf O X (D) is reflexive for any Weil divisor D, but it is not invertible unless D is a Cartier divisor. In fact, every rank one reflexive module M on X is isomorphic to some O X (D). In such a case, if M has a global section s, then the zero set of s (counting multiplicities) determines a uniquely defined effective Weil divisor D on X and a corresponding isomorphism of M with O X (D) sending s to the element 1 of the function field K.
For the convenience of the reader, we record some useful properties of reflexive modules that we will use without comment.
Proposition 2.4. Let M be a coherent sheaf on a normal irreducible scheme X. Then:
(1) M is reflexive if and only if M is torsion free and satisfies Serre's S2 condition.
(2) If N is reflexive, then H om(M, N ) is also reflexive. In particular, the sheaf
If X is an F -finite scheme of prime characteristic, then M is reflexive if and only if F e * M is reflexive. (4) Suppose M is reflexive, and let i : U → X be the inclusion of an open set whose compliment has codimension two. Then i * (M| U ) ∼ = M. Furthermore, restriction to U induces an equivalence of categories from reflexive coherent sheaves on X to reflexive coherent sheaves on U .
Remark 2.5. We will make especially good use of the fourth statement above. It allows us to treat rank one reflexive sheaves on a normal variety essentially as invertible sheaves: we simply restrict to the regular locus (whose compliment has codimension at least two), perform any operations there, and then extend uniquely to a reflexive sheaf on all of X. In terms of Weil divisors, we often argue on the regular locus where they are Cartier, then we take the closure in X to arrive at a statement about Weil divisors on X.
2.4. The canonical sheaf. An important reflexive sheaf is the canonical sheaf ω X . When X is of finite type over a field, ω X is the unique reflexive sheaf agreeing with the invertible sheaf ∧ d Ω X of top Kahler forms on the smooth locus of X, where d is the dimension of X.
More generally, we can work with canonical modules on any integral scheme essentially of finite type over a Gorenstein local ring R (or over any local ring with a dualizing complex). Such a scheme admits a fixed choice of dualizing complex, namely ω Har66] . If X is Cohen-Macaulay (and equidimensional), ω q X is concentrated in degree −d, and we call this the dualizing sheaf. So for normal X, the canonical module ω X can be defined as the unique reflexive sheaf which agrees with this dualizing sheaf on the Cohen-Macaulay locus (whose compliment has codimension at least three in the normal case).
Throughout the rest of the paper, whenever we work with canonical modules, we always assume they exist in the sense just described. In particular, in prime characteristic, we will assume that all schemes are essentially of finite type over an F -finite Gorenstein local ring (or simply over an F -finite local ring with a dualizing complex). Importantly, in this case,
3. Global F -regularity and global sharp F -splitting of pairs
We now introduce F -splitting and global F -regularity "for a pair" (X, ∆), and prove an important criterion for them, Theorem 3.9. Throughout, we assume X is a normal irreducible Definition 3.1. Let (X, ∆) be a pair, where X is a normal irreducible F -finite scheme of prime characteristic p and ∆ is an effective Q divisor on X.
(i) The pair (X, ∆) is globally F -regular if, for every effective divisor D, there exists some e > 0 such that the natural map
(ii) Similarly, the pair (X, ∆) is globally sharply F -split if there exists an e > 0 for which the natural map
Local sharp F -splitting for a pair is defined similarly.
In general, the global conditions are much stronger than their local counterparts. For example, every smooth projective curve is locally F -regular, but only the genus zero curves are globally F -regular; see Example 4.7. On the other hand, for an affine scheme X, the pair (X, ∆) is globally sharply F -split (respectively, globally F -regular) if and only if it is locally sharply F -split (respectively, locally F -regular).
Remark 3.2. Global F -regularity and global sharp F -splitting of pairs generalizes and unifies several points of view. If X is projective and ∆ = 0, global sharp F -splitting for the pair (X, 0) recovers the usual notion of F -splitting for X due to Mehta and Ramanathan [MR85] , while global F -regularity for (X, 0) recovers Smith's notion of global F -regularity for X [Smi00, Thm 3.10]. (The latter is itself a stable version of Ramanan and Ramanathan's "Frobenius splitting along a divisor" [RR85] ; See also [HWY02] ). At the opposite extreme, for an affine scheme X = Spec R, sharp F -splitting for (X, ∆) is simply Schwede's notion of sharp F -purity for (R, ∆), itself a generalization to pairs of Hochster and Robert's F -purity for R, see [HR74] and [HR76] and a slight variant of the notion of (non-sharp) F -purity for pairs found in [HW02] . Similarly, our notion of F -regularity in the affine setting is simply Hara and Watanabe's strong F -regularity for the pair (R, ∆), which is itself a generalization to pairs of Hochster and Huneke's notion of strong F -regularity for R; see [HW02] and [HH89] .
Remark 3.3. The locus of points of X where a pair (X, ∆) is locally F -regular (or locally sharply F -split) is a non-empty open set of X. Indeed, the locus of points where each The next lemma is extremely simple, but we will use it (and the technique of its proof) repeatedly.
Lemma 3.5. If (X, ∆) is globally F -regular, then (X, ∆ ) is globally F -regular for any ∆ ≤ ∆. The corresponding statement for globally sharply F -split pairs also holds.
Proof. This follows easily from the following simple observation: If a map of coherent sheaves L g → F on a scheme X splits, then there is also a splitting for any map
clear that the composition s • h splits h. Now we simply observe that if ∆ ≤ ∆, we have a factorization
so the result follows.
Remark 3.6. Lemma 3.5 implies that if (X, ∆) is globally F -regular for some ∆, then also (X, 0) is globally F -regular, which is to say the scheme X is globally F -regular in the original sense of [Smi00] .
Remark 3.7. If X is quasi-projective over an F -finite ring, then Definition 3.1 (i) of global F -regularity for (X, ∆) can be stated with very ample effective D. To see this, note that if X is quasi-projective, then for every effective divisor D there exists a very ample effective divisor A such that D ≤ A, so the splitting for A implies the splitting for D, as in the proof of Lemma 3.5. A more interesting fact is that it is often enough to check the splitting condition for one choice of ample divisor D; see Theorem 3.9.
Proposition 3.8. Let X be a normal F -finite scheme of prime characteristic p, with effective Q-divisor ∆.
(a) The pair (X, ∆) is globally F -regular if and only if for all effective divisors D and all e 0, the map
splits. (b) The pair (X, ∆) is globally sharply F -split if and only if there exists an e 0 > 0 such that
splits for all n > 0.
Proof. One implication of (a) is trivial, so we assume that (X, ∆) is globally F -regular. Now given any effective divisor D, we wish find a natural number e 0 such that
splits for all e > e 0 . Let E be an effective divisor such that
for all e > 0. Then, because (X, ∆) is globally F -regular and D + E is effective, we can find e 0 such that the map
splits. Since this map factors through F e 0 * O X ( p e 0 ∆ + D) (see the proof of Lemma 3.5), this implies a splitting of
for all f > 0 (with a natural isomorphism coming from the projection formula for F f ). Applying the functor F e 0 * , and then precomposing with the natural map from line (1) above, we have a splitting of the map
also splits, again as in the proof of Lemma 3.5. The proof of (a) is complete.
The proof of (b) follows as in [Sch08b, Proposition 3 .3] and [Sch08a] .
We now establish a useful criterion for global F -regularity, generalizing well-known results for the local case [HH89, Theorem 3.3] and the "boundary-free" case [Smi00, Theorem 3.10].
Theorem 3.9. The pair (X, ∆) is globally F -regular if (and only if ) there exists some effective divisor C on X satisfying the following two properties:
(i) There exists an e > 0 such that the natural map
splits.
(ii) The pair (X \C, ∆| X\C ) globally F -regular (for example, affine and locally F -regular).
Corollary 3.10. The pair (X, ∆) is globally F -regular if and only if there exists an effective C such that (X, ∆) is globally F -regular on the open set complimentary to C and (X, ∆+ C) is globally sharply F -split for sufficiently small .
Remark 3.11. In fact, it turns out that if (X, ∆) is globally F -regular, then for any effective C, we have that (X, ∆ + C) is also globally F -regular for sufficiently small . See Corollary 6.1.
Proof of Corollary 3.10. Condition (i) of Theorem 3.9 obviously implies global sharp Fsplitting for the pair (X, ∆ + 1 p e −1 C), and this in turn implies global sharp F -splitting for the pair (X, ∆ + C) for any ≤
, by Lemma 3.5. Conversely, if (X, ∆ + C) is globally sharply F -split, then by Lemma 3.5, we may assume =
for some sufficiently large g. Now take n > 0 such that the map
C, we also have a splitting for the map
Then setting e = ng we arrive at condition (i) of Theorem 3.9, and the proof of the corollary is complete.
Proof of Theorem 3.9. Let X C denote the open set complimentary to C. Now fix any effective divisor C on X. By hypothesis (ii), we can find e and an O X -module homomorphism
→ O X C that sends 1 to 1. In other words, φ is a section of the reflexive sheaf
over the open set X C . Thus on the non-singular locus U of X (really, we need the Cartier locus of C), we can choose m 0 > 0 so that φ| U is the restriction of a global section φ m of
over U , for all m ≥ m 0 ; see [Har77, Chapter II, Lemma 5.14(b)]. Note that φ m still sends 1 to 1. Now, since the involved sheaves are reflexive, this section extends uniquely to a global section of
, also denoted φ m over the whole of X.
Consider an m of the form m = p (n−1)e + . . . p e + 1, where e is the number guaranteed by hypothesis (i). Tensoring 4 the map φ m from Equation (2) with O X ( (p ne − 1)∆ ), we have an induced map
Now, as in Lemma 3.5, it follows that there is a map
which sends 1 to 1.
By composing the splitting from hypothesis (i) with itself (n − 1)-times and after twisting appropriately (compare with [Tak04b, Proof of Lemma 2.5] and [Sch09] ), we obtain a map
Combining the maps θ and ψ, we obtain a composition
which sends 1 to 1 as desired. The proof is complete.
The next result is important, because it lets us "deform" the divisor ∆ in a globally Fregular pair so as to assume that the coefficients of ∆ do not have denominators divisible by the characteristic p.
Proposition 3.12. Let (X, ∆) be a globally F -regular pair. There exists an effective Qdivisor ∆ on X such that:
(c) No coefficient of ∆ has a denominator divisible by p (in other words, there exists an integer e 0 > 0 such that (p e − 1) ∆ is integral for all e = ne 0 , n > 0 an integer).
The analogous statement for globally sharply F -split pairs also holds.
Proof. We first do the globally sharply F -split case. Since (X, ∆) is globally sharply F -split, for some e > 0, the map
(p e − 1)∆ . It is easy to see that ∆ satisfies properties (a), (b) and (c) above (or rather, instead of (b), we see that (X, ∆) is globally sharply F -split).
Now suppose that (X, ∆) is globally F -regular. Choose an effective divisor C whose support contains the support of ∆. Since (X, ∆) is globally F -regular, there exists an e > 0 so that the natural map
(p e − 1)∆ and then use Theorem 3.9.
Positivity of globally F -regular varieties
In this section, we prove our main prime characteristic result: globally F -regular varieties are log Fano. We also establish what can be loosely called a "limiting statement:" globally sharply F -split varieties are log Calabi-Yau. The converse statements are false, however some closely related statements are true in characteristic zero; see Section 5. The main point is Theorem 4.3 below, which describes the geometry of globally F-regular pairs. Its proof occupies most of the section.
We first recall the definitions of log Fano and log Calabi-Yau.
Definition 4.1. Let X be a normal irreducible variety, ∆ an effective Q-divisor on X.
(i) The pair (X, ∆) is log Fano if −(K X + ∆) is ample and the pair (X, ∆) is Kawamata log terminal. (ii) Similarly, the pair (X, ∆) is log Calabi-Yau if K X + ∆ is Q-linearly equivalent to zero and the pair (X, ∆) is log canonical.
We say that a normal variety is log Fano (or log Calabi-Yau) if there exists a Q-divisor ∆ on X such that (X, ∆) is log Fano (or log Calabi-Yau).
Remark 4.2. Kawamata log terminal singularities and log canonical singularities are typically considered only in characteristic zero. However, these notions make sense in any characteristic by considering discrepancies along every divisor over X. Specifically, a pair (X, ∆), where X is a normal variety and ∆ is an effective Q-divisor, is Kawamata log terminal (respectively log canonical) if K X + ∆ is Q-Cartier, and for all proper birational maps
we have that ∆ ≤ 0 (respectively, the coefficients of ∆ are at most one). In characteristic zero, one need check this condition only for one π, namely, for any log resolution of (X, ∆). We often use the short-hand notation klt (respectively lc) instead of Kawamata log terminal (respectively, log canonical). See [KM98, Definition 2.34].
We now state our main result: Theorem 4.3. Let X be a normal scheme quasiprojective over an F -finite local ring with a dualizing complex and suppose that B is an effective Q-divisor on X.
(i) If the pair (X, B) is globally F -regular, then there is an effective Q-divisor ∆ such that (X, B + ∆) is globally F -regular with
is globally sharply F -split, then there exists an effective Q-divisor ∆ such that (X, B + ∆) is globally sharply F -split with K X + B + ∆ Q-trivial.
In both (i) and (ii), the denominators of the coefficients of B +∆ can be assumed not divisible by the characteristic p.
Given this theorem, Theorem 1.1 from the introduction follows easily. Indeed, since globally F -regular varieties are locally F -regular (and respectively, globally sharply F -split singularities are locally sharply F -split), Theorem 1.1 follows immediately from the following well-known theorem about F -singularities:
Theorem 4.4. [HW02, Theorem 3.3] Let (X, ∆) be a pair, where X is normal and essentially of finite type over a F -finite field, and ∆ is an effective Q-divisor such that K X + ∆ is QCartier.
Before beginning the proof of Theorem 4.3, we point out a simple corollary.
Corollary 4.5. The anticanonical divisor on a globally F -regular Q-Gorenstein projective variety is big.
Proof. Theorem 4.3 implies that there exists an effective Q-divisor ∆ such that −K X − ∆ is ample. Therefore −K X is Q-linearly equivalent to an ample divisor plus an effective divisor, which implies −K X is big by [Laz04, Cor 2.2.7].
Remark 4.6. Corollary 4.5 was known to experts (for example, see [HWY02, Remark 1.3]). One way to deduce it directly follows: if X is globally F -regular and H is ample, then there exists an e so that O X ((1 − p e )K X − H) has a non-zero global section corresponding to an effective divisor
(H + D), which represents −K X as "ample plus effective." Example 4.7. A smooth projective curve is globally F -regular if and only if it has genus zero, as higher genus curves have canonical divisors with non-negative degree. A smooth projective curve of genus higher than one is never F -split, whereas a curve of genus one is (globally sharply) F -split if and only if it is ordinary (non-supersingular); see [Smi97c, Example 4.3].
Example 4.8. Ruled surfaces supply many examples of smooth surfaces with big anticanonical divisor, where the "difference" between −K X and the ample cone is too wide to be breeched by a mildly singular effective ∆. Indeed, a ruled surface is globally F -regular if and only if the base curve is P 1 . We prove this in Example 6.7.
The rest of this section is committed to the proof of Theorem 4.3. We begin with following crucial lemma, interesting in its own right.
Lemma 4.9. Consider two pairs (X, B) and (X, D) on a normal F -finite scheme X. (iii) In particular, if (X, B) is globally F -regular and (X, B+∆) is globally sharply F -split, then (X, B + δ∆) is globally F -regular for all rational 0 < δ < 1.
In (i) and (ii), the number can be assumed to have denominator not divisible by p.
Proof of Lemma 4.9. First note that (iii) follows from (ii) by taking D to be (B + ∆). Since (1 − ) can be taken to be arbitrarily close to 1, we can choose it to exceed any given δ < 1. Hence, the pair (X, B + δ∆) is globally F -regular for all positive δ < 1, by Lemma 3.5.
For (i), we prove that we can take to be any rational number of the form
where e and f are sufficiently large and divisible (but independent) integers. Take e large and divisible enough so there exists a map φ :
. Likewise, take f large and divisible enough so there exists a map ψ :
Consider the splitting
Because all the sheaves above are reflexive and X is normal, we can tensor
Applying F f * to this splitting, and then composing with ψ we obtain the following splitting,
However, we also note that
which implies that we also have a splitting
, the proof of (i) is complete for the choice of given in line 3. Now, to prove (ii), we use Theorem 3.9. Choose an effective integral divisor C whose support contains the support of D and such that the pair (X \ C, D| X\C ) is globally Fregular. Since there exists a splitting of 
is globally sharply F -split. Re-writing, we have
is globally sharply F -split for and arbitrarily close to zero.
We now apply Theorem 3.9 to the pair (X, ∆) = (X, B + (1 − )D). Restricted to X \ C, this pair is globally F -regular, and we've just shown that for sufficiently small , the pair (X, ∆ + C) is globally sharply F -split. Using Corollary 3.10, we conclude that (X, ∆) is globally F -regular.
Finally, note that because of the explicit choice of in line (3), it is clear its denominator can be assumed not divisible by p.
We are now ready to begin the proof of Theorem 4.3. We first recall some important facts about duality, and describe the main idea.
4.1. Frobenius and duality. Let X g → Y be a finite morphism of finite type schemes over an F -finite local ring with a dualizing complex. If X and Y are Cohen-Macaulay and have the same dimension, one consequence of Grothendieck duality is that for any coherent sheaf F on X, there is a natural isomorphism
See [Har66, Chapter III, §6 and Chapter V, Prop 2.4] for details, and Section 2.4 for the definition of the canonical module.
It follows that if X and Y are assumed normal instead of Cohen-Macaulay, we can make the same conclusion, by restricting to the Cohen-Macaulay locus (an open set whose compliment has codimension greater than two) and then extending the isomorphism over the whole of X. (Cf. Discussion 2.5.)
Now, if X is a normal F -finite scheme of essentially finite type over an F -finite Gorenstein local ring where X has canonical module ω X (see Discussion 2.4), applying this to the Frobenius morphism yields 
which is the identity map on O X . Applying the duality functor H om O X (−, ω X ), we have a dual splitting
Now, twisting again by ω −1 X and using the projection formula for F e on the middle term,
6
we arrive at a new splitting
Note that the functor we actually applied to the splitting (4) to get (5) can be succinctly described as
, which we have just shown to split. We are now ready to combine this technique with Lemma 4.9 into a construction of the divisor ∆ needed for Theorem 4.3.
Proof of Theorem 4.3. First, without loss of generality, we may assume that the Q-divisor B has no denominators divisible by p. Indeed, choose B ≥ B as in Proposition 3.12. If we can construct ∆ satisfying the conclusion of Theorem 4.3 for the pair (X, B), then ∆ = ∆+( B−B) satisfies the conclusion of Theorem 4.3 for the initial pair (X, B). Therefore, we may assume that no coefficient of B has p in its denominator, or put differently, that the coefficients of (p e − 1)B are all integers, for all sufficiently large and divisible e.
We first prove statement (ii), which follows quite easily from the dualizing technique described in Paragraph 4.2 above. Suppose that (X, B) is globally sharply F -split. Consider a splitting
where (p e − 1)B is an integral divisor. Apply H om O X ( , O X ) to this splitting, as discussed in Paragraph 4.2. We then obtain the following splitting,
The image of 1 under φ ∨ determines a divisor D which is linearly equivalent to (1−p e )(K X + B). This produces a composition
As usual, we work with reflexive sheaves by restricting to the regular locus, where all reflexive sheaves are invertible, and then extend uniquely to reflexive sheaves on X.
D . Then the pair (X, B + ∆ 1 ) is globally sharply F -split with the splitting given by Equation (6). But also, it is log Calabi Yau, since
This completes the proof of (ii).
More work is required to prove (i). Suppose that (X, B) is globally F -regular. Then it is also globally sharply F -split, and we may pick ∆ 1 as in (ii). Choose H to be a very ample effective divisor such that Supp ∆ 1 ⊆ Supp H. Consider a splitting
to this splitting to obtain a dual splitting,
The image of 1 under ψ ∨ determines a divisor D which is linearly equivalent to (1−p
which is anti-ample. Also note that the splitting in line (7) demonstrates the pair (X, B +∆ 2 ) to be globally sharply F -split. Even better, line (7) also demonstrates (X, B + ∆ 2 + 1 p f −1 H) to be globally sharply F -split.
We now make use of Lemma 4.9 to complete the proof. In addition to the globally Fregular pair (X, B), we have constructed divisors ∆ 1 and ∆ 2 satisfying (i) (X, B + ∆ 1 ) is globally sharply F -split with K X + B + ∆ 1 ∼ Q 0; and (ii) (X, B + ∆ 2 ) is globally sharply F -split with K X + B + ∆ 2 anti-ample. (iii) (X, B + ∆ 2 + δH) is globally sharply F -split for some small positive δ. Now we apply Lemma 4.9(i) to the divisors described in (i) and (iii) above. We thus fix positive rational numbers 1 , 2 , with 1 + 2 = 1 such that
is globally sharply F -split. Since the support of ∆ 1 is contained in the support of H, it follows from Lemma 3.5 that
is globally sharply F -split for some small positive . But also (X, B + 2 ∆ 2 ) is globally F -regular, as one sees by applying Lemma 4.9(iii) to the globally F -regular pair (X, B) and the globally sharply F -split pair (X, B + ∆ 2 ).
Finally, another application of Lemma 4.9(iii), this time to the globally F -regular pair (X, B + 2 ∆ 2 ) and the globally sharply F -split pair of line (8), implies that (X, B + 2 ∆ 2 + 1 ∆ 1 ) is globally F -regular. Set ∆ = 1 ∆ 1 + 2 ∆ 2 . We conclude that the pair (X, B + ∆) is globally F -regular, and
is anti-ample (from (i) and (ii) just above). This completes the proof of (i) and hence Theorem 4.3.
Remark 4.10. The divisor ∆ constructed is such that there exists some e > 0 such that (p e − 1)(B + ∆) is an integral divisor and such that (p e − 1)(K X + B + ∆) is an integral Cartier divisor. In particular, the characteristic p does not show up in the denominator of any coefficient of ∆ + B Remark 4.11. The proof of Theorem 4.3 actually shows that if (X, B) is globally F -regular (but X is not necessarily quasi-projective), then for every effective divisor D on X, there exists an > 0 and a Q-divisor ∆ on X such that (X, B + ∆) is globally F -regular and
Remark 4.12. Variants and special cases of the trick to construct ∆ have been used before. For example, it is discussed in [MR85, Section 2] as a way for developing criteria for Fsplitting of smooth projective varieties. Similar ideas are used later by Hara and Watanabe in [HW02, Second proof of Theorem 3.3]). Also see [Sch09] for other interpretations of such ∆ in a local setting.
Log Fano implies globally F -regular type in characteristic zero
We now consider the converse: is every log Fano variety globally F -regular? Näively posed, the answer is "No". For example, the smooth cubic surface in P 3 defined by the equation w 3 + x 3 + y 3 + z 3 is easily checked to be log Fano in every characteristic (except of course 3), but not globally F -regular, or even F -split, in characteristic 2.
On the other hand, this cubic surface is globally F -regular over any field whose characteristic is at least 5. In other words, if we consider the cubic surface over any field of characteristic zero, it has globally F -regular type. The converse to Theorem 1.1 does hold in characteristic zero:
Theorem 5.1. Let X be a normal projective variety over a field of characteristic zero. If (X, ∆) is a Kawamata log terminal pair such that K X + ∆ is anti-ample, then (X, ∆) has globally F -regular type.
Roughly speaking, a pair (X, ∆) has globally F-regular type if, for almost all "reductions mod p", the corresponding pairs over the various finite fields are globally F-regular. We do not include the definition here, but instead refer to the general discussion in [Smi97c, Section 1 and Definition 4.2], or to the related definitions of "dense F-pure type" and so on in [HW02] .
Remark 5.2. We also expect that if (X, ∆) is a log canonical pair such that K X + ∆ is Q-trivial, then (X, ∆) has dense globally sharp F -split type, meaning that for a dense set of primes among all reductions mod p, the corresponding pair is globally sharply F-split. This would follow if we knew that every log canonical pair had dense F -pure type, see [HW02, Problem 5.1.2].
The proof of Theorem 5.1 is a non-trivial generalization of some of the main ideas of [Smi00] . The point is to reduce these statements about the global geometry of a projective variety X to statements about the singularities at the vertex of the cone over X for some projective embedding. We begin with a review of section rings for a projective variety.
5.1. Section rings. Fix a normal (irreducible) projective variety X over a field. For any ample invertible sheaf L on X, we have a corresponding section ring
The ring S is an N-graded normal domain, finitely generated over the field k = S 0 , such that the projective k-scheme Proj S recovers X. See [Gro61, 4.5.1]. We denote its unique homogeneous maximal ideal, generated by the elements of positive degree, by m. The "punctured spectrum" of S can be viewed as a k * -bundle over X via a natural flat"quotient map"
where k * denotes the scheme Spec k[t, t −1 ]. (This is more or less by definition when S is generated in degree one; the general case is discussed, for example, in [HS04, Prop 2.1(4)].)
There is a well-known correspondence between (isomorphism classes of) coherent sheaves on X and finitely generated graded S-modules, "up to isomorphism of the tails". Under this correspondence, the invertible sheaves L n correspond to the graded S-modules S(n), by which we denote the rank one free S-module whose generator has degree −n. More generally, each finitely generated graded S-module M determines a coherent sheaf M on X, whose value on the basic open set D + (f ) is [M ⊗ S S f ] 0 (using the notation of [Har77, Chapter II, Section 5]). Of course, if M and M agree in large degree, it follows that M = M . On the other hand, given a coherent sheaf F on X, there is a unique saturated graded S-module
in the class of all finitely generated graded S-modules determining F on X. 7 By saturated, here, we mean that depth of M on the unique homogeneous maximal ideal m is at least two, or equivalently, that the local cohomology module H 1 m (M ) = 0. Under this correspondence, 7 Proof: Let U = Spec S \ m, and let M be any finitely generated graded S-module producing the coherent sheaf F on X. Consider the exact sequence
Here, the equality Γ(U, M ) = i∈N H 0 (X, M (i)) follows by direct computation of the two sheaves on the open sets D(f ) ⊂ Spec S and D + (f ) ⊂ X, for any homogeneous element f ∈ S of positive degree (notation as in [Har77] ). Since maps between coherent sheaves on X correspond to degree preserving maps of graded Smodules. Importantly, the graded S-module corresponding to the canonical sheaf ω X on X is the graded canonical module ω S for S, see [Smi97b, p. 420] . Note that reflexive modules are always saturated, so to check this, it suffices to verify that ω S determines the sheaf ω X .
For more about the general theory of section rings, see [Har77, II §5] (which covers the special case where S is assumed to be generated by degree one elements), [Dem88] 
as submodules of the fraction field of S. (3) The divisor D S is the unique Weil divisor on Spec S agreeing on the punctured spectrum with the pullback q * D, where q : Spec S \m → X is the k * -bundle described in Paragraph 5.1. (Because q is flat, Weil divisors can be pulled back to Weil divisors, whether or not they are Cartier.)
It is easy to see that these are all equivalent descriptions of the same divisor; indeed, one need only observe that they all agree on the punctured spectrum of Spec S, an open set of a normal irreducible scheme whose compliment has codimension two or more. Clearly this procedure extends by linearity to any divisor on X, and even to any Q-divisor ∆ on X, to produce a well-defined Q−divisor ∆ S on Spec S. In particular, for any Weil divisor A on X, the reflexive sheaf O S (A S ) is the unique saturated graded S-module corresponding to the sheaf O X (A).
We will eventually prove Theorem 5.1 by reducing to a corresponding statement about section rings. First, we state a characterization of globally F -regular pairs in terms of section rings, generalizing [Smi00, Thm 3.10 (4)].
Proposition 5.3. Let X be a normal projective variety X over an F -finite field of prime characteristic. For any choice of ample invertible sheaf L , let S denote the corresponding section ring. Then Similarly, in characteristic zero, the global geometry of (X, ∆) is governed by the singularities of an affine cone over it. The following generalizes [Smi00, Proposition 6.2] also see [Fuj09, Proposition 4.38]:
Proposition 5.4. Let X be a normal projective variety over a field of characteristic zero. Then
(1) The pair (X, ∆) is log Fano if and only if X admits a section ring S such that the corresponding pair (Spec S, ∆ S ) is Kawamata log terminal. (2) If the pair (X, ∆) is log Calabi-Yau then for every section ring S of X, the corresponding pair (Spec S, ∆ S ) is log canonical. Conversely, if for some section ring S the pair (Spec S, ∆ S ) is log canonical, then there exists a Q-divisor B on X such that (X, ∆ + B) is log Calabi-Yau.
Remark 5.5. We can not hope to show that every section ring of a log Fano variety is Kawamata log terminal, except in the special case where the rank of the Picard group is one. Indeed, suppose −K X − ∆ = H is ample, and let H be any ample divisor such that H and H represent Q-independent classes in Pic(X)⊗Q. If S is the section ring with respect to H , then the divisor K S +∆ S can never be Q-Cartier. Indeed, since S and K S +∆ are graded, if O S (n(K S + ∆ S )) is locally free, then it is free, and hence isomorphic to S(m) = O S (mH ) for some integer m. But this would imply n(K X + ∆) = −nH ∼ mH , a contradiction to the assumption that H and H are independent.
Before proving these propositions, we put them together into a proof of Theorem 5.1.
Proof of Theorem 5.1. Let (X, ∆) be a log Fano pair. Using Proposition 5.4, construct a section ring S = S(X, L ) such that the corresponding pair (Spec S, ∆ S ) is Kawamata log terminal. In particular, (Spec S, ∆ S ) has globally F -regular type, by [Tak04b, Corollary 3.4]. It now follows from Proposition 5.3 that (X, ∆) has globally F -regular type.
5.3. Frobenius and graded modules. To prove Proposition 5.3, we need to understand how Frobenius interacts with the correspondence between coherent sheaves on X and graded modules on a section ring. First let M be any Z-graded module over a N-graded ring S.
There is a natural way to grade F e * M by 1 p e Z. Specifically, if m ∈ M is a degree n element, then viewed as an element of F e * M , we declare its degree to be Proof of Lemma. We need only compute that
where the second equality follows from the projection formula. This is precisely the integer degree summand of F e * M with the grading described above.
Proof of Proposition 5.3. The pair (X, ∆) is globally F -regular if and only if, for all effective D, there is an e such that the natural map
splits. Tensoring this splitting with the sheaf of O X -algebras ⊕L i and taking global sections, we have a degree preserving splitting of
, this splitting is also a splitting of
But to check global regularity for the affine scheme pair (Spec S, ∆ S ), it suffices to check the requisite splittings for all homogeneous effective divisors D S . This can be seen to follow from, for example, Theorem 3.9. We conclude that if (X, ∆) is globally F -regular, so is (Spec S, ∆ S ).
The converse statement follows from reversing the argument: given a splitting of the map from line (12) above, it can be assumed to be homogeneous. (Indeed, for any finitely generated S-module N , the module Hom S (N, S) is graded, so any splitting s would be a sum of its homogeneous components. Since the splitting takes 1 to 1, the degree zero component of the splitting is also a splitting.) Since the splitting factors through the integer degree part, we also have a (degree-preserving) splitting of the map in line (11). Because this induces a splitting of the corresponding map of sheaves on X, the proof of the converse direction is also complete.
Finally, we get the corresponding statement about global sharp F -splitting with the exact same argument, taking D (and hence D S ) to be the zero divisor.
We turn to the proof of Proposition 5.4. The following lemma simplifies our argument by reducing us to the case where the section ring is generated in degree one.
Lemma 5.7. Let L be an invertible sheaf on a normal projective variety X, and let S and S (k) denote the section rings with respect to L and L k , respectively. Then:
(1) For any positive integer k, the natural morphism (induced by the inclusion
isétale on the punctured spectra (that, is, on the open sets complimentary to the unique homogeneous maximal ideals of S and S (k) ). (2) If ∆ S (n) and ∆ S are Q-Weil divisors on Spec S (n) and Spec S corresponding to the same Q-divisor on X (Cf. Discussion 5.2), then the pair (Spec S, ∆ S ) is klt if and only if the pair (Spec S (k) , ∆ S (k) ) is klt. An analogous statement holds for log canonical pairs.
Proof. (1) Choose an affine open cover of X which trivializes L. Thinking of X = Proj S (k) , we can assume that the sets in the cover have the form D + (x) for some x ∈ S (k) . Here
] 0 , the notation from [Har77, II §5]. We will show that the inclusion
isétale. Since the D(x i ) cover the punctured spectra of S and S (k) , this will show that
isétale on the punctured spectra.
Since L is trivial on D + (x), we can fix some generator t, which is a degree one element of S[
]. Note that all the powers of L are trivial on D + (x) and that t n generates L n on D + (x) for all integers n. Thinking of X as Proj S, the sheaves L n correspond to the graded S-modules S(n), so we have
On the other hand, thinking of X as Proj S (k) , we have
] can be identified with the inclusion
which is obviouslyétale, as it is given by the polynomial
(2). Because S has dimension at least two, the finite map
isétale in codimension one. We now easily check that both f * K S (k) = K S and f * (∆ S (k) ) = ∆ S . We can now compare discrepancies directly, or simply deduce the desired claim from [KM98, 5.20 (4)].
5.4. Blowups of section rings and the tautological bundle. We now set up some notation and recall a basic construction we use in the proof of Proposition 5.4; for details see [Gro61, 8.7] or [HS03, Section 6.6]. Let S be a section ring of a normal projective variety X. For simplicity, we assume that S is generated in degree one (which amounts to assuming L is very ample and for a projectively normal embedding). The scheme Y can also be interpreted as the total space of the tautological bundle for the embedding of X given by L . That is, there is a natural isomorphism
and the natural projection Y η → X defines a line bundle on X whose sheaf of sections recovers L −1 . Thinking of Y in this way, the inclusion of the exceptional divisor X in Y becomes the inclusion of the zero section of the bundle in Y . In particular, the composition
→ X is the identity map on X. This is summarized by the following diagram
Proof of Proposition 5.4. We begin with some general observations. Fix any normal projective X and effective Q divisor ∆ on X. Let S be any section ring, say with respect to the ample divisor H, and let ∆ S be the corresponding Q-divisor on Spec S. We want to prove that conditions on the singularities of (Spec S, ∆ S ) are equivalent to conditions on the singularities and positivity of (X, ∆). According to Lemma 5.7, there is no loss of generality in assuming S is generated in degree one.
First note that (X, ∆) is klt (or lc) if and only if (Spec S, ∆ S ) is klt (or lc) on the punctured spectrum. Indeed, Spec S \ m = U is a k * -bundle over X, so this follows directly from the definitions after trivializing q : U → X.
9 The issue is then that conditions on the singularities of (Spec S, ∆ S ) at the point m correspond to positivity conditions on the pair (X, ∆).
Suppose that K S + ∆ S is Q-Cartier on Spec S. This means there is a (positive) integer n such that the reflexive S-module corresponding to the integral Weil divisor n(K S + ∆ S ) is locally free of rank one. But, since this module is graded, locally free implies free, and so the unique reflexive graded S-module corresponding to n(K S + ∆ S ) is isomorphic to S(t), for some degree shift t ∈ Z. In particular, K X + ∆ ∼ Q Now, let Y π → Spec S be the blow up of Spec S at the maximal ideal m, as discussed in Paragraph 5.4, with notation as in Diagram (13). We claim that
where ∆ Y is the birational transform π
for some a ∈ Q. Now restrict to the exceptional divisor X. Since X| X = −H, the adjunction formula gives
after we've verified that ∆ Y | X = ∆. To this end, note that since ∆ S is the unique divisor agreeing with q * ∆ on Spec S \ {m} ∼ = Y \ X, its birational transform on Y is the closure of q * ∆ in Y , which is to say,
since η • j is the identity map on X. We now prove the converse. First, assume (X, ∆) is klt with −K X − ∆ ample. Fix any positive integer n such that n(−K X − ∆) is an ample integral Cartier divisor H, and let S be the section ring with respect to H. We need to show that (Spec S, ∆ S ) is klt in a neighborhood of m. Without loss of generality, we assume S is generated in degree one. Note that K S + ∆ S is Q-Cartier, with n(K S + ∆ S ) corresponding to the free S-module S(−1). Now, assume that (X, ∆) is log Calabi-Yau. Let S be any section ring, without loss of generality generated in degree one. We need to show (Spec S, ∆ S ) is log canonical in a neighborhood of m. As above, it suffices to show that (Y, ∆ Y + X) is log canonical in a neighborhood of X, and this follows from inversion of adjunction on log canonicity since the pair (X, ∆ Y | X ) = (X, ∆) is log canonical [Kaw07] .
Properties of globally F -regular varieties
In this section, we gather some results about globally F -regular varieties. We begin with some general results, then treat projective F -regular varieties, proving a Kawamata-Viehweg vanishing theorem for them. We also gather a collection of (mostly well-known) examples of globally F -regular (log Fano) varieties. Finally we consider the affine situation, and point out some applications to tight closure theory.
6.1. General properties. First, we point out an openness result on F -regular pairs.
Corollary 6.1. Let (X, ∆) be a globally F -regular pair. Then for any effective divisor D on X, the pair (X, ∆ + δD) is globally F -regular for sufficiently small δ > 0.
Proof. Because (X, ∆) is globally F -regular, the splitting of
shows that (X, ∆ +
D) is globally sharply F -split. Now Lemma 4.9 (iii) gives the desired conclusion.
Remark 6.2 (Cautionary Remark). If (X, ∆ t ) is a collection of globally F -regular pairs approaching (because the coefficients are converging) some pair (X, ∆), it is not necessarily the case that the limit pair (X, ∆) is globally sharply F -split. For example, if X = Spec R and D is a Cartier divisor whose F -pure threshold c of (X, D) is a rational number with p in the denominator, then (X, cD) is not sharply F -pure. See [Sch08b] for additional discussion. There are many common situations where the hypotheses of Corollary 6.4 hold. Indeed, the following two situations have been considered before:
(1) If R → S is a split inclusion of domains, and Spec S is globally F -regular, then so is Spec R. This is essentially [HH89, Theorem 3.1(e)]. In fact, the proof of Proposition 6.3 is essentially a jazzed up combination of the arguments used in situations (1) and (2) above:
Proof of Proposition 6.3. First note that if (U, ∆ U ) is globally F -regular (respectively globally sharply F -split) then so is (Y, ∆ Y ) because Y \ U has codimension 2. We define
Choose any effective divisor C on U (note that C is Cartier since U is smooth). By assumption, there exists an e > 0 so that (p e − 1)∆ U is integral (and also Cartier). Since (W, ∆ W ) is globally F -regular (making e larger if needed), we can choose a map
We have the following composition by the projection formula:
It is easily seen to be the identity since the composition sends the global section 1 to 1. To do the globally sharply F -split case, set C = 0.
Remark 6.5. One could ask if a characteristic zero analog of (2) above holds. That is, suppose that f has connected fibers (or even that O Y → f * O X splits) and there exists a ∆ X on X such that (X, ∆ X ) is log Fano. Does there exist a divisor ∆ Y on Y such that (Y, ∆ Y ) is also log Fano?
We will show this if f has connected fibers. Our first step is to show that if (X, ∆ X ) is log Fano, then for every Cartier divisor D on X, there exists > 0 and an effective Q-divisor ∆ D on X such that (X, ∆ D ) is Kawamata log terminal and Example 6.6 (Blowups of the projective plane). Let X n be the blow-up of the projective plane at n general points (over C). Then X has globally F -regular type if and only if n ≤ 8. Indeed, if n ≤ 8, then −K Xn is ample, so X n has globally F -regular type. On the other hand, if n = 9, then −K X 9 is not big, as can be verified by taking taking the anticanonical divisor on P 2 to be the unique cubic through the nine points. So X 9 is not globally F -regular, and nor is any X n for n ≥ 10 by Corollary 6.4(1).
Example 6.7 (Ruled Surfaces). Let X π → C be a ruled surface over a smooth projective curve of genus g (over a field of prime characteristic). If g ≥ 1, then X can not be globally F -regular. Indeed, since O C → π * O X is an isomorphism (that is, X → C has connected fibers), globally F -regularity of X would force global F -regularity for C, by Corollary 6.4. But of course, the only globally F-regular curve is P 1 . On the other hand, every ruled surface over P 1 is globally F-regular, because these are all toric varieties; see [Smi00] . In conclusion, a ruled surface is globally F-regular if and only if the base is rational.
The ample and effective cones for ruled surfaces can be worked out explicitly; see [Laz04, p. 70] . Doing so, one can show that there are many ruled surfaces for which −K X is big, but for which there is no ∆ with (X, ∆) "controlled" such that −K X − ∆ is ample. One interesting case is when X = P(O C ⊕ O C (−Q)) is ruled over an elliptic curve, for some effective divisor Q on C. In this case, we can find ∆ such that (X, ∆) is log canonical and −K X − ∆ is big and nef. Indeed, one can take ∆ to be the class of a section of X → C. On the other hand, using the explicit description of the ample and effective cones for such ruled surfaces, one can directly see there is no ∆ such that −K X − ∆ is ample and (X, ∆) is log canonical.
6.2. Kawamata-Viehweg vanishing for globally F -regular pairs. We prove a version of the Kawamata-Viehweg vanishing for globally F -regular pairs. The proof is similar to [Smi00, Corollary 4.4].
However,
which is anti-ample. Therefore, H i (X, O X (−p e+f L + p f (p e − 1)∆ + D + E)) vanishes for i < dim X since X is globally F -regular, by [Smi00, Corollary 4.4], see also [BK05] . Because of the injection above, it follows that H i (X, O X (−L)) vanishes, and the proof is complete.
6.3. Local consequences. Theorem 4.3 has an interesting local interpretation.
Corollary 6.9. Suppose R is normal, F -finite with X = Spec R. Then X is F -pure (respectively strongly F -regular) if and only if there exists an effective Q-divisor ∆ such that the pair (R, ∆) is F -pure (respectively strongly F -regular) and K R + ∆ is Q-Cartier with index not divisible by p.
Proof. It follows from the global statement if one observes that on an affine variety, every Cartier divisor is ample.
Further questions and observations
As we observed, it is not difficult to find examples of log Fano varieties that are not globally F -regular, for certain low characteristic. However, one can ask the following question:
Question 7.1. Suppose that X has globally F -regular type, then does there exist an effective divisor ∆ such that (X, ∆) is log Fano? Similarly, if X has globally sharply F -split type, then is X log Calabi-Yau?
Although naively one might expect this to follow from Theorem 4.3, the problem is that the ∆ we construct there is not canonical and will probably depend on the characteristic. On the other hand, many classes of varieties are known to be F -split (respectively, globally F -regular). For example, for projective toric varieties, it is easy to directly construct a (toric) ∆ independent of characteristic such that K X + ∆ is anti-ample and (X, ∆) is Kawamata log terminal. Similarly, Schubert varieties are known to be globally F -regular, see [LRPT06] . It is thus natural to try to find divisors ∆ such that (X, ∆) is log Fano for Schubert varieties, independent of the characteristic (this has recently been done by David Anderson and Alan Stapledon). There are many other examples of globally F-regular varieties arising naturally in representation theory (see, for example, [HT07] or [BT06] ) and it would interesting to find natural geometric or representation theoretic descriptions of a divisor ∆ showing them to be log Fano independent of the characteristic.
Turning to local considerations, given [DH09, Section 5], it is natural to ask whether a local (but non-affine) analog of Theorem 4.3 holds. That is, Question 7.2. If X is locally F -regular, does there exist an effective Q-divisor ∆ such that K X + ∆ is Q-Cartier and (X, ∆) is locally F -regular?
A related question in commutative tight closure theory is the following.
Question 7.3. Suppose that R is a normal reduced F -finite ring. Does there exist an effective Q-divisor ∆ on Spec R such that K R + ∆ is Q-Cartier and τ (R) = τ (R, ∆)?
For the definition ofτ we refer to the paper [LS01] for the original boundary-less definition and to [Tak04b] for the general case, also see [HT04] .
The following question is natural in view of Lemma 4.9 (and since the corresponding statement in characteristic zero is true).
Question 7.4. Suppose that the pairs (X, ∆ 1 ) and (X, ∆ 2 ) are sharply F -pure, then is it true that for a dense set of ∈ (0, 1), the pair (X, ∆ 1 + (1 − )∆ 2 ) is sharply F -pure?
It follows from Lemma 4.9 that there are infinitely many such and infinitely many of them accumulate around the points 0 and 1. However, not all satisfy this property as the following example shows: for all e > 0. Of course, if one uses "F -purity", see [HW02] and [Tak04a] , instead of "sharp F -purity", this sort of example does not occur.
Of course, we'd also like to know whether log Calabi-Yau varieties over a field of characteristic zero have dense sharply F-split type. As we showed in Section 5, this is essentially equivalent to the well-known (difficult) conjecture that log canonical singularities have dense sharply F-pure type, in the special case of standard graded rings.
